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Chirped-pulse interferometry is a new interferometric technique encapsulating the 
advantages of the quantum Hong-Ou-Mandel interferometer without the drawbacks 
of using entangled photons. Both interferometers can exhibit even-order dispersion 
cancellation which allows high resolution optical delay measurements even in thick 
optical samples. In the present work, we show that finite frequency correlations in 
chirped-pulse interferometry and Hong-Ou-Mandel interferometry limit the degree 
of dispersion cancellation. Our results are important considerations in designing 
practical devices based on these technologies. 

INTRODUCTION 

Interference is a fundamental characteristic shared by classical and quantum theories of 
light, and is used to make the most sensitive measurements of quantities such as distance 
and time. Although interferometry has long played an important role in physics (eg. from 
Ref. |lj to Ref. |2j), recent work has raised the question as to how interferometers harness- 
ing quantum effects can provide advantages over purely classical ones. Experiments with 
entangled photons have demonstrated a wide variety of interference effects that had not 
previously been seen in classical devices. Prominent examples include automatic dispersion 
cancellation [31 SI |5] , phase-insensitive interference [6] , nonlocal interference '0 [8] , ghost 
imaging [9] & ghost diffraction [10] , phase super-resolution [HI [121 1131 E] ) ^-iid phase 
super-sensitivity [151 IK] • 

More recently, there has been an effort to observe analogous effects in classical optical 
interferometers. Ghost imaging [T71 [T8j , automatic dispersion cancellation [191 ISOl [211 122] , 
phase super-resolution [23] , and phase-insensitive interference [211 121] have been observed in 
optical systems exploiting purely classical correlations, instead of entanglement. Classical 
systems have been devised which can exhibit Bell-like correlations, albeit not fulfilling the 
conditions of a Bell experiment and thus without implications for local hidden variable 
models p5l [261 EZ] ■ Other methods for dispersion cancellation in classical systems have 
been described theoretically [2HI ISHj • 

From a fundamental perspective this body of work aims to distinguish those cases where 
quantum effects give a true advantage over classical systems from those where they do not. 
From a more applied point of view, quantum effects are technically challenging to observe, 
often requiring generation of fragile entangled states and sensitive detection. Signals are 
often very weak requiring long integration times. Compounding the last issue, many schemes 
rely on the correlations in a specific entangled state; one cannot simply increase the number 
of photons (say by running two entangled states through the interferometer simultaneously) 
without ruining the requisite quantum correlations. In comparison, many classical schemes 
offer large signals which are easy to detect, and furthermore can often be increased simply 
by turning up the power of a laser. 

Material dispersion is a limiting issue in low-coherence, or white-light, interferometry. If 
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dispersive materials are placed in one arm of a two-path interferometer (such as a Michelson 
interferometer), the resulting interferogram will lose contrast and resolution. In essence, the 
different frequency components of the white light disagree on when the interferometer path 
lengths are balanced. The quantum, Hong-Ou-Mandel interferometer (see Fig. la) using 
frequency-entangled photon pairs produces an interferogram that exhibits rather surprising 
robustness against dispersive broadening. This device relies on frequency-entangled photon 
pairs. One photon from the pair travels through a dispersive medium, while the other passes 
through an adjustable delay. After recombination on a 50/50 beamsplitter, the coincidences 
are recorded as a function of the delay. The coincidence rate shows a dramatic dip when the 
group delays of the two paths are balanced to within the coherence time of the light. This 
can be as short as a few fs [30] . Theoretically, the width of the coincidence dip has been 
shown to be insensitive to all even-orders of dispersion ^ . Experiments have confirmed that 
the dip is much less susceptible to broadening than white-light interferometry [3] . It has 
been proposed that optical coherence tomography, a medical imaging technique based on 
low-coherence interferometry, could benefit from automatic dispersion cancellation |3ll |32] . 
However, the reliance on entangled photons presents a significant barrier to rapid signal 
acquisition. 

We have recently demonstrated an interferometric technique that produces an interfero- 
gram with the same advantages as the HOM interferometer with frequency-entangled photon 
pairs, yet requires no entanglement at all [2T| . This technique relies on pairs of classically 
frequency anticorrelated beams, created by using pairs of oppositely chirped laser pulses. 
We referred to the device as chirped-pulse interferometry (CPI). A schematic for CPI is 
shown in Fig. 2a. Pairs of oppositely chirped pulses enter into different input ports of a 
cross-correlator. As in the HOM, the cross-correlator contains a dispersive element in one 
arm, and a delay in the other. The intensity of a narrow bandwidth of SFG created in a 
nonlinear crystal is detected on a standard photodiode. This intensity as a function of delay 
is the CPI interferogram. In Ref. [2lj all of the important features of HOM interference, 
automatic dispersion cancellation, robustness against loss, phase insensitivity, and enhanced 
resolution were demonstrated. Furthermore, the signal level measured was roughly seven 
orders of magnitude larger than that achievable in the quantum device with state-of-the-art 
photon sources. We have since demonstrated the effectiveness of the device in imaging a 
multi-interface sample [22] . We have shown that modifications to the device can produce 
analogous interferometry signatures to quantum beating, the HOM peak, and 2-photon 
phase super-resolution [21] . 

Dispersion cancellation in these devices has been described theoretically in the literature 
[U [HI [31] , but these descriptions assume perfect frequency correlations. Perfect correlations 
in the HOM interferometer would require down-conversion pump lasers with infinitely narrow 
spectra, while perfect correlations in CPI would require infinitely long chirped pulses. Of 
course, these limits are unattainable in practice and here we investigate, theoretically, the 
limits to dispersion cancellation in the presence of imperfect correlations. The goal of this 
work is to develop rules of thumb describing the reduction in dispersion sensitivity afforded 
by a given level of correlation. These considerations will be important in designing practical 
interferometers which take advantage of dispersion cancellation. 
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DISPERSION CANCELLATION IN A HONG-OU-MANDEL 
INTERFEROMETER WITH FINITE CORRELATIONS 



Automatic even-order dispersion cancellation occurs in the two-photon Hong-Ou-Mandel 
interferometer when the photon pairs are frequency entangled. In the literature [U EI] , the 
quantum state produced by parametric down-conversion from a narrow band pump laser 
has been described as, 

' dnfin)\coo + n)^\coo-n)2. (i) 

In this state, the sum of the frequencies of the pair of photons is fixed at 2ujo while the 
individual photons may be individually broadband, depending on the function f{fl). It has 
been shown that with such a state, the HOM interference dip is completely insensitive to 
even-order dispersion. However, this state is an approximation to what can actually be 
achieved. Any real laser has a finite bandwidth and passes on this frequency uncertainty to 
the photon pairs. 

To obtain some intuition regarding dispersion cancellation with imperfect frequency an- 
ticorrelations, we describe the state of a pair of photons with adjustable frequency anticor- 
relations using, 

= j dui j rfu;2/(t^i,t^2)ki)ik2)2, (2) 



with the function, f{uji,uj2) 
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/(cui, ^2) = e e e ^ , (3) 

where a is the bandwidth of the photons, and ujq the centre frequency. If the photons 
were created via a parametric down-conversion process, the parameter cTc plays the role of 
the bandwidth of the pump laser and controls the strength of the frequency correlations. 
If (Tc ^ cr, then f{ijji,uj2) ~ fi{uji)f2{uj2), i.e., the bandwidth function is separable and 
the photons have no frequency correlations. In the opposite limit, where cTc then 

e ^ — > 5{ijJi + UJ2 — 2ujq) and the photons have perfect frequency anti-correlations. 

The Hong-Ou-Mandel interferometer is shown in Fig. la where a dispersive element is 
located in one arm. The HOM interference signal is given by the coincidence rate between 
the two slow square law detectors and is given by, 

C(r) OC jj duJiduJ2\Att{0Jl,UJ2,T) + Arr{uJi,uJ2,r)\^, (4) 

where Au {A^j) is the amplitude where both photons are transmitted (reflected) at the 
beamsplitter. These are depicted in Fig. lb. Here, we are only interested in the width of 
the HOM interference dip so we ignore the path lengths of the interferometer since they 
just lead to a time-delay offset. We model the material as subjecting the light to a pure 
quadratic phase shift (pioj) = e{uj — UqY, where e is a constant characterizing the strength 
of the dispersion. Note that we have dropped the group delay term which again just leads 
to an offset. The amplitudes for the two paths are, 

yl« = /(cui,cu2)e*^(-^-'^°)'e*-^^ (5) 
A,, = -/(o;i,o;2)e"(— »)'e^-^^ (6) 
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FIG. 1: Schematic of Hong-Ou-Mandel interferometry. a) Photon pairs, typicahy, though not 
necessarily, created via parametric down-conversion are emitted into two different spatial modes. 
One mode passes through a delay arm and the other passes through a sample. The photon pairs 
are recombined coherently at a 50/50 beamsplitter after the delay and samples. Photon counting 
detectors are placed in the output modes of the beamsplitter. The signal from the interferometer 
is the coincidence rate between those detectors as a function of the delay, r. b) There are two 
amplitudes leading to the detection of photons with frequencies, uji and ui2- These amplitudes cor- 
respond to the Feynman paths shown, where either both photons are reflected at the beamsplitter 
or both photons are transmitted. The HOM signal is built up by the coherent addition of these 
amplitudes and the incoherent addition over all possible frequency pairs. 



where we have used the fact that f{uji,uj2) = /(co'2, cui). Integrating Eq. |4] with these 
amplitudes in yields 

I 2cr2 + r2a2(2a2 + ,Tg) 

C(r)ocl-J , / : , , e 2i2.^+.i+Mi) _ (7) 

From this expression, we see that the HOM signal is a Gaussian function of the time 
delay, r. The RMS width of the HOM signal, Thom, 

1 [ e2a%2 

It is useful to look at this expression in a few limits. If the dispersion of the material is 0, 
i.e., e = 0, then thom = ^- In other words, the width of the HOM dip is approximately 
the coherence time of the photon. If the photons have perfect frequency correlations, i.e., 
(Tc = 0, then the width of the HOM dip is again given by the coherence time. In other 
words, if the photons have perfectly anticorrelated frequencies, then the width of the HOM 
dip in the presence of pure second-order dispersion is exactly the same as if there was no 
dispersion. This agrees with the conclusions of [U [3T] . Note that if there are no frequency 
correlations, Uc oo, then the dip is sensitive to the dispersion with thom -\fl+~^a^. 



5 



Now we can consider the effect of imperfect correlations on the dispersion cancellation. 
Consider the limit where the photon correlations are strong, but imperfect, (Xc ^ cr- In this 
case, the width is given by 



THOM-^^l + eV^^. (9) 

2 

Here it can be seen that the sensitivity to dispersion is reduced by a factor, Assuming 

the photons are created by down- conversion, this reduction is roughly ''2'°*°" , where Tphoton 
is the coherence time of a down-conversion photon and Tpump is the coherence time of the 
pump laser. In other words the dispersion, e, is reduced to e '^''''"'"" as a result of the fre- 

'Tpump 

quency correlations. Note that even quantum dispersion cancellation is not perfect when the 
correlations are finite. However, in practice, it is straightforward to create down-converted 
photon bandwidths that are millions of times larger than the bandwidth of the pump laser 
[501 155] , thus the sensitivity to second-order dispersion can be reduced to a negligible level. 
One should keep in mind that automatic dispersion cancellation applies only to even-order 
dispersion; once the cubic (or third-order) dispersion becomes dominant, further reductions 
in sensitivity to second-order dispersion will not significantly aid signal quality. 



DISPERSION CANCELLATION IN CHIRPED-PULSE INTERFEROMETRY 

WITH FINITE CHIRP 

Chirped-pulse interferometry (CP I) is a new technique designed to produce the metro- 
logical signature of the Hong-Ou-Mandel interferometer without the need for entanglement 
or single photons. A schematic of the chirped-pulse interferometer is shown in Fig. 2a. Two 
laser pulses are created with equal but opposite chirps; we refer to them as chirped (where 
the blue lags the red) and anti-chirped (where the red lags the blue). They are injected into 
different ports of the cross-correlator and recombined in a sum-frequency generation (SFG) 
after traveling through two different paths. A narrow spectrum of the SFG is detected on a 
square-law detector. The intensity of the SFG as a function of delay is the CPI signal. 

The nonlinear detection in CPI relies on sum-frequency generation, a second-order non- 
linear process. In such processes, the nonlinear polarization, PNiit) in the medium depends 
on the product of the two driving fields: 

PNL{t)^X^^^Ei{t)E2{t) (10) 



This nonlinear polarization can reradiate light at frequencies corresponding to its frequency 
components. We make the assumption that the nonlinearity is fast so that x^"^^ can be 
treated as a constant. We will also make the assumption that the driving fields are not 
depleted and that perfect phase-matching over all driving frequencies is achieved. We make 
the approximation that the radiated field is proportional to the polarization and the slowly 



varying amplitude approximation |3ij and rewrite Eq. 10 to obtain an expression for the 
SFG electric field amplitude in the frequency domain, 

Esiiu) ^ j duj'Ei{uj')E2iuj -uj') (11) 
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FIG. 2: Schematic of chirped-pulse interferometry. a) Chirped-pulse interferometer. A pair of 
oppositely-chirped laser pulses are combined coherently at a 50/50 beamsplitter. A variable delay 
arm is placed in one of the modes (a reference) while a sample is placed in the other arm. (In this 
paper, the sample will be assumed to introduce a pure quadratic phase, (j){uj) = e{u) — loq)^). After 
the sample, the light in the reference and sample arms are used to create sum-frequency generation 
(SFG) in a nonlinear material. The narrow band of the SFG created by the cross-correlation of 
the chirped and anti-chirped beams is detected with a square-law detector. The detected intensity 
as a function of the delay, r, is the CPI signal, b) The two Feynman paths leading to narrow-band 
SFG. These involve contributions where the chirped pulse passes through the sample arm and the 
anti-chirped pulse passes through the reference or vice versa, c) The two paths leading to broad 
band SFG. These contributions are from the autocorrelations where the chirped (or antichirped) 
pulses alone create SFG. Contributions to the signal from these processes can be almost entirely 
removed from spectral filtering when the pulses are stretched to many times their transform-limited 
duration. In the calculations presented here, we ignore these processes. 



The positive frequency electric field amplitudes for a linearly chirped pulse can be written, 

E{iu; A) = Eoe^'^e'^('"-"o)', (12) 

where a is the RMS bandwidth of the field and A determines the strength and sign of the 
chirp. CPI relies on strong frequency correlations which come from chirping the pulses to 
many times their transform-limited pulse duration, i.e., A^ 

We overlap the oppositely chirped pulses on the input beam splitter of our interferometer. 
In one arm of the interferometer the pulses experience a relative time delay r with respect 
to the other arm. The field in this delay arm can be written as: 

El {uj, r) = [E{uj;A) + E{uj; -A)] e*™. (13) 

In the second arm of the interferometer the light passes through a sample with purely 
quadratic dispersion (i.e., we ignore the group delay which just leads to an offset of the 
intereference from r = 0). The phase imparted by the material for our model is again, 
(f){uj) = e{u! — ujq)"^ . Thus, we can write the field after the dispersive sample as 

E,{u;, t) = [Eioo; A) - E{u- -A)] e-(--")\ (14) 
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where the minus sign reflects the vr phase shift acquired at the input beam sphtter. 

It has been shown that pairs of strongly oppositely-chirped laser pulses produce very 
narrow band sum- frequency generation ^35j . In the following calculation, we make the 
assumption that the laser pulses have large chirp, such that the pulse durations is much 
longer than the coherence time (or transform limited pulse duration) and that the difference 
in the delay between the two paths in the interferometer are small compared with the 
chirped pulse duration. In this limit, the SFG from the cross-correlation (Fig. 2b) will have 
much narrower bandwidth than the autocorrelation (Fig. 2c) and thus can be selected using 
spectral filtering allowing us to ignore the contribution from the autocorrelation. In this 
case, the CPI signal will be given by 



Es{uj, t)^ j dJ [E{J- -A)E{uj - uo'- A) - E{uo'- A)E{uj - J; -A)\ e--'+-(---'--o)' 
The total SFG power detected as a function of the time delay r is given by, 
Isfg{t) oc / duj\E3{uj,T)f 



oc A+e ^ + A_e ^ - A^ cos [C - ar^] e 
with the following definitions. 



2 

cpi 



(15) 



(16) 



A± 

c 



2n= 



[l+2(2A2±2Ae+e2)cr4]3 



1 5 



1 



arctan 



AAe 



l+2(2A2+e2)CT4 

r± = [^ + 2{2A^±2Ae + e^)a^] 



Ar 



a 



I cpi 



{l6A2e4CTl2 + [l+2{2A2+e2)CT4]2} 



I' 



2^4-12 1 



4A2<T4 + (l+2e2<j4) 
' iA^a* + {l+2e^u'^) 



(17) 



1+2(2A2+£2)ct4 

This are rather complicated expressions, so it is worth examining the terms in a little 



detail. The first two terms in Eq. 16 are nearly identical when A^ e and describe a broad 
Gaussian signal with the time duration of the chirped pulses. The last term describes the 
interference dip. If the chirp is large compared to the dispersion, the cosine will be ~ 1 
where the CPI dip occurs. Outside of this limit the cosine term will start to modulate the 
interference term, and the phase offset C, will start to reduce the visibility of the CPI dip. 
The RMS width of the CPI dip is given by the expression for Tcpi which can be written 



' cpi 



1 + e%4 



2 + 4eV4 



1 + + 2eV4 



(18) 



which has a similar form to Eq. [9] When the chirp is larger than the dispersion, we can 
simplify this expression to. 



T, 



cpi 



1 + e2(T4 



1 + 



(19) 



The dispersion in CPI is reduced by a small factor, j^^j^- This ratio is approximately 
where is the time duration of a transform-limited pulse subjected to the 



the ratio 



chirp 
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dispersive phase, (p{uj), and Tchirp is the time duration of the chirped pulse. Here, in strong 
analogy with the quantum case, we can view the dispersion as having been reduced from 
e to e '^^ . Thus as the chirp pulse duration goes to infinity, the dispersion cancellation 

'^chirp 

becomes perfect. With grating-based stretchers and compressors, femtosecond pulses can 
easily be stretched [36J by a factor of 1000, thus reducing the sensitivity to the typically 
dominant second-order dispersion by two to three orders of magnitude. 



CONCLUSIONS 

We have presented models describing the entangled photons in Hong-Ou-Mandel interfer- 
ometry and the laser pulses in chirped-pulse interferometry which allow for varying degrees 
of correlation. In the case of perfect correlations, both HOM and CPI exhibit complete 
insensitivity to second-order dispersion [37] . When imperfect correlations are considered, 
neither interferometer completely cancels second-order dispersion, but the effective second- 
order dispersion can be reduced significantly. In the HOM interferometer, the second-order 
dispersion is reduced by roughly the ratio of the down-converted photon coherence time to 
the pump coherence time. In CPI, the dispersion is reduced by the ratio of the time duration 
of a transform-limited pulse subjected to the dispersive phase to the chirped pulse duration. 
It is straightforward in practice to make both of these ratios small, although it is certainly 
easier to make the quantum ratio very small (< 10~^). For thick enough materials or ex- 
tremely large bandwidth, odd-order dispersion terms, which are not cancelled, will dominate 
the signal after which further reduction in the sensitivity to second-order dispersion will not 
help signal quality. 

Our results constitute simple rules of thumb for estimating the maximum tolerable level 
of dispersion in the HOM interferometer and CPI for a given strength of correlations. These 
considerations will be important in designing optical technologies which exploit automatic 
dispersion cancellation with either quantum or classical resources. 
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